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Dynamic Combustion of Solid Propellants: Effects of Unsteady
Condensed Phase Degradation Layer
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A numerical model is developed for pressure- and/or radiation-driven dynamic combustion of solid propellants.
The model relaxes the two key assumptions invoked in the classical, quasisteady, homogeneous, one-dimensional
� ame (QSHOD) model, namely, the quasisteady gas-phase (QSG) and quasisteady condensed phase degradation
layer (QSC). First, the proposed non-QSC model is validated with respect to previous results of radiation-driven
burning. The model is further validated for steady burning results by comparing with experimental data. Then,
the effects of relaxing the QSC assumption on dynamic burning predictions are investigated under conditions of
1) an oscillating and 2) an exponentially decreasing pressure. It is con� rmed that relaxing the assumptions of both
QSC and QSG are equally important for computing the unsteady burning characteristics of solid propellants. For
pressure-driven burning relaxing the QSC assumption results in a destabilizing effect on the frequency response
function. The predicted response function magnitudeis quantitativelycompared with experimental data for double
base propellants. The comparison seems to be better with a value of condensed phase activation energy higher
than that suggested by A. A. Zenin (“Thermophysics of Stable Combustion Waves of Solid Propellants,” Nonsteady
Burning and Combustion Stability of Solid Propellants, edited by L. De Luca, E. W. Price, and M. Summer� eld,
Vol. 143, Progress in Astronautics and Aeronautics, AIAA, Washington, DC, pp. 197–231). Results of unsteady
simulations of burning under a rapid depressurization transient exhibit salient features of combustion recovery
and extinction observed in experiments. The predicted critical depressurization rate is found to markedly decrease
(by a factor of four in the particular case simulated) when the QSC assumption is relaxed.

Nomenclature
A = preexponential factor in the Arrhenius equation for

reaction rate, m, kg, s
Ac = nondimensionalpreexponential factor in condensed

phase reaction rate equation, Eq. (20)
a = nondimensionalgas-phase heat-release parameter,

Eq. (20)
c = speci� c heat, J/(kg K)
D = mass diffusion coef� cient in the gas phase, m2/s
E = overall activation energy, J/mol
fc = factor, equal to zero in QSC model and unity

in non-QSC model
fR = exp.¡·xr /, fraction of qR absorbed below surface

reaction zone
k = thermal conductivity,W/(m K)
Le = Lewis number, Eq. (20)
n = overall order of reaction in the gas phase
n1 = order of reaction in the gas phase with respect to Y3

P = nondimensionalpressure, Eq. (20)
p = pressure, Pa
Q = nondimensionalheat release, Eq. (20)
q = heat release per unit reactant as a result of chemical

reaction (negative for exothermic), J/kg
qR = radiation heat � ux incident on the interface, W/m2

PR = nondimensional reaction rate, Eqs. (26) and (27)
< = universal gas constant, 8.314 J/(mol K)
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Rp = pressure-drivenfrequency response function,
.1Pr=NPr/=.1p= Np/

Rq = radiation-drivenfrequency response function,
.1Pr=NPr/=.1qR= NqR /

Pr = burning rate, m/s
Pr = nondimensionalburning rate, Eq. (19)
T = temperature, K
Tb = T¡1 ¡ qg=cg

t = time, s
tc = characteristic time of the condensed phase

convection-conductionzone, kc=.½ccc NPr 2/
tg = characteristic time of the gas-phase

convection-conductionzone, kg;1=.½g;1cg;1 Nu2
g;1/

tr = characteristic time of the condensed phase
reaction-conductionzone, tc=[Ec=.2< NTs /]

u = velocity, m/s
W = molecular mass, kg/mol
Pw = chemical reaction rate, Eqs. (12) and (13), kg/(m3s)
x = spatial coordinate, m
xc = characteristic length of the condensed phase

convection-conductionzone, kc = .½ccc
NPr/

xg = characteristic length of the gas-phase
convection-conductionzone, kg;1=.½g;1cg;1 Nug;1/

xr = characteristic length of the condensed phase
reaction-conductionzone, xc=[Ec=.2< NTs/]

Y = mass fraction
® = time constant in Eq. (36)
¯ = nondimensional activation energy, Eq. (20)
° = ratio of speci� c heats, Eq. (20)
±1; ±2; ±3 = de� ned in Eq. (20)
´ = stretching parameter in Eq. (35)
2 = nondimensional temperature, Eq. (19)
· = absorption coef� cient of condensed phase, m¡1

º = frequency, Hz
» = transformed spatial coordinate, Eq. (18)
½ = density, kg/m3

¿ = nondimensional time, Eq. (19)
Â = nondimensional absorption coef� cient, Eq. (20)
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Ã = nondimensional transformed spatial coordinate,
Eq. (19)

Subscripts

c = condensed phase
f = � nal state in a depressurizationtransient
g = gas phase
i = initial state in a depressurizationtransient
R = radiation
r = reaction zone in the condensed phase
ref = refers to conditions at (pref; T¡1 ), where pref is the

mean for oscillating pressure and pref is the initial
value for depressurizationcase

s = interface
sC = interface approaching from C1
s¡ = interface approaching from ¡1
0 = initial condition
1, 2, 3 = condensed phase reactant, condensed-phaseproduct

or gas-phase reactant, gas-phase product
C1 = hot boundary in the gas phase
¡1 = propellant cold end

I. Introduction

I N solid rocket motors the combustion zone near the propellant
surface is frequentlysubjectedto severeoscillatoryor monotonic

pressure changes. This often leads to highly ampli� ed and undesir-
able changesin the mass burning rate. Hence the investigationof the
response of the propellant burning to dynamic pressure conditions,
which is usually characterizedby the pressure-drivenfrequency re-
sponse function Rp has received much attention by researchers.1¡4

A theoretical evaluationof Rp becomes dif� cult because of the fact
that unsteady burning of solid propellants is governed by physico-
chemical processes in different physical phases occurring at dis-
parate length and timescales. A schematic of such length scales
around a burning surface is shown in Fig. 1. Of these, the length and
timescales associated with the condensed phase thermal relaxation
layer (xc; tc ), condensed phase chemical degradation zone (xr ; tr ),
and gas-phase thermal relaxation layer (xg; tg ) are considered to
be the most signi� cant in the regime of combustion in practical
motors.5 A simpli� cation of the problem has evolved into the clas-
sical, linear stability theory based on the quasi-steadygas- and con-
densed phase reaction zones, homogeneoussolid, one-dimensional
(QSHOD) model.6;7 Recently, De Luca et al.8 studied the stability
under nonlinear conditions, while retaining the QSHOD assump-
tion. This paper addresses certain issues relating to the importance
of relaxing the key assumptions invoked in the QSHOD theory.

Models for dynamic combustion of solid propellants either as-
sume region xr (and/or xg ) as quasi-steady or neglect some of the
physical/chemical processes in these regions. The QSHOD theory
assumes 1) a quasi-steady gas-phase (QSG) and 2) quasi-steady
condensed phase degradation zone (QSC). The bases for these
assumptions5 are, respectively, that 1) the gas-phase thermal relax-
ation time is much shorter than the condensedphase thermal relax-
ation time (tg ¿ tc ) for any perturbationsin externalconditionssuch

Fig. 1 Schematic of the problem domain considered. The length
scales shown (not to scale) are the condensed-phase thermal layer xc,
condensed-phase degradation layer xr , and the gas-phase thermal layer
xg. The interface is located at x = xs(t) and regresses from right to left.

as pressure and 2) the chemical degradation layer is much thinner
than the thermal diffusive layer within the propellant (xr ¿ xc ). In
view of the second inequality, the burning rate is assumed to follow
a pyrolysis law of the Arrhenius form. The resulting Rp exhibits a
peak in magnitudewhen the pressure � uctuationsattain a frequency
roughlyequal to t¡1

c . Later studies relaxingthe QSG assumption9¡13

revealed that the gas-phase unsteadiness caused by thermal inertia
stabilizes the burning at low frequencies. Also, at moderately high
frequencies, roughly equal to t¡1

g , unsteadiness of the gas phase
causes signi� cant changes with a second peak appearing in the
magnitude of R p (Refs. 9–13). However, these studies retained the
QSC assumption.Consequently, the effects of relaxing the QSC as-
sumption on the dynamic combustion characteristics are less well
understood.

An order of magnitude analysis5 of timescales suggests that the
QSC assumption might breakdown earlier (i.e., at lower frequen-
cies) than the QSG assumption,dependingupon the operating pres-
sure and propellant properties.Low pressures and small condensed
phase activation energies (¯c D Ec=<Tb ) are conducive to such a
situation. Hence, relaxing the QSC assumption is thought to be as
important as relaxing the QSG assumption, at least at frequencies
near the characteristic frequency of condensed phase reaction zone
t¡1
r . Under normal conditions tc > tr > tg . Attempts have been made
to account for the non-QSC effects by means of incorporating a
distributed heat release within the condensed phase, as a uniform8

and temperature-dependent14 function. However, in these models
the species equation in the condensedphase is not formally solved,
and, hence, an ad hoc expression in the classical Arrhenius form is
used to calculate the burningrate. For unsteadymass burningrate an
improvement over the simple Arrhenius expression has been made
by solving the species conservation equation, employing the acti-
vation energy asymptotics (AEA) technique for pressure-driven15

and radiation-driven16 burning in the limit of ¯c ! 1. Recently,
Zebrowski and Brewster17 examined the applicability of the large
¯c limit for radiation-drivencombustion by comparing the AEA re-
sults with numerical solution for � nite ¯c . They concluded that for
realistic energeticmaterials the overall ¯c is usually large enough so
much so that a QSC descriptionaccuratelypredicts the steady burn-
ing rate and surface temperature. However, for unsteady burning
relaxing the QSC assumption decreased the radiation-driven fre-
quency response function Rq . Moreover, the criterion of largeness
of ¯c becomes more severe for dynamic burning than steady burn-
ing if QSC assumption is to be applicable.This result of Zebrowski
and Brewster17 is signi� cant, but limited to radiation-drivenburning
with an adiabaticgas phase (i.e., without any heat feedbackto the in-
terface). From the practicalperspectiveof combustionin motors, the
case of pressure-driven burning including a strong, unsteady, heat
feedbackfrom thegas phaseto the interfaceneedsto be investigated.

An earlier study18 conducted in this direction with a QSG for a
double base propellant (DBP) found that a distributed heat release
in the subsurface degradation layer improves the static stability,
but worsens the dynamic stability when the pressure is increased
suddenly. If this observation regarding dynamic stability can be
(qualitatively) extended to the case of burning under a � uctuating
pressure, then it would suggest that relaxing the QSC assumption
should result in an increase in Rp . This would lead to a conclusion
that the effect of relaxingthe QSC assumptionon Rp is qualitatively
different from that of relaxing it on Rq . Such a conclusion appears
to be important because there have been attempts to relate Rp and
Rq (Ref. 19). This forms another purpose for a direct examination
of the effect of relaxing the QSC assumption on Rp .

In pressure-driven burning the driving force is the � uctuation
of heat feedback from the gas phase to the interface. Moreover,
for the generally accepted values of gas-phase activation energy
(Eg D 5 ¡ 15kcal/mol) the volumetricheat releasenear the interface
is expected to be quite large. In such cases the � uctuations in heat
feedback caused by pressure oscillations become more signi� cant.
Further, for propellantswhose properties are such that tr =tg D O.1/
(a likely case for AP-PBAA propellantsat high pressures) unsteadi-
ness in the condensedphase degradation layer and in the gas phase
could simultaneouslybecome importantat high frequencies.Hence,
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any investigationof R p calls for a realistic gas-phasemodel that ac-
curately represents these � uctuations.

Combustion of DBP is adequately represented by the one-
dimensionalhomogeneoussolidpropellantmodel.Theoreticalanal-
yses of dynamic burning invariably invoke assumptions of overall
chemical reaction and constant thermophysical properties. Gener-
ally, the exact values of these thermokinetic properties are uncer-
tain and are often much debated. So, comparison with experimental
measurements of Rp for DBP could be used to validate both the
theoreticalmodel and the set of properties of the propellants.

So far, attempts to compare theoretical predictions of Rp with
experimental measurements for DBP have all used the QSHOD
model.4 Recently, within the QSHOD framework Brewster et al.20

attemptedsuch a comparisonwith the experimentaldata of Ibiricu.21

Their results emphasized the importance of condensed phase reac-
tions under dynamic burning condition. The analysis of Brewster
et al.20 showed that an improvedcomparisonwith experimentaldata
can be obtained with a large value of Ec .D168 kJ/mol) rather than
the commonly accepted value of 84 kJ/mol for many propellants,
namely, N-4, N-5, and JPN. This large value of Ec was arrived at by
approximating the overall condensedphase reaction by the thermal
homolysis of CO-NO2 bond, which is supposed to be the initiating
step for NC/NG decomposition22 (also, see p. 212 of Zenin23). How-
ever, at frequencieshigher than about 3.5 kHz the response function
was underpredicted;Brewster et al.20 attributed this discrepancy to
the QSC assumption.

A related situation where the burning rate undergoes large tran-
sients is when the chamber pressure monotonically changes at a
rapid rate. De Luca24 reviewed a number of studies prior to 1984
that have addressed the burning dynamics under transient external
conditions.Such studiesassume importancebecauseof ignitionand
extinction processes. Speci� cally, the problem of extinction when
the pressure decreases at rates faster than a critical value has been
investigatedboth experimentally25¡28 and theoretically.29 De Luca24

pointed out that most of the existing theoretical studies were based
on linear stability analysis. However, during a transient excursion
the pressure (and hence, the surface temperature) changes involved
are considerably large, and a linear analysis becomes questionable.
De Luca24 and, recently, Louwers and Gadiot14 numerically solved
the conservationequationsof propellantburningsubjectedto a rapid
depressurization. These represent studies on extinction including
nonlinear effects of pressure variation. However, these retain the
common QSHOD assumptions.

The main objective of this paper is to examine the effects of
an unsteady degradation process within the condensed phase, on
dynamic burning under conditions of a � uctuating and rapidly de-
creasingpressure.For thispurposea numericalmodel,which relaxes
both the QSG and QSC assumptions, is developed to yield a fully
unsteady solution of solid propellant burning. As the original con-
servation equations are directly solved, the results yield nonlinear
stability characteristics. First, the non-QSC model is validated by
comparison with the radiation-drivenburning results of Zebrowski
and Brewster.17 Subsequently, the predicted steady burning results
are comparedwith the measurementsby Zenin.23 The importantdif-
ferences between the QSC and non-QSC models are discussedwith
respect to steady burning results. The new results on dynamic burn-
ing driven by a harmonicallyoscillatingpressureare comparedwith
response functions measured by Ibiricu.21 The crucial dependence
of the predicted Rp on the chosen global thermokinetic properties
is examined. Differences between QSC and non-QSC models are
further examinedwith respect to the pressure-drivenresponse func-
tion. Finally, the problem of extinction by rapid depressurization
is studied. The changes in burning rate evolution, including extinc-
tion, with different depressurization rates are predicted. The effect
of relaxing the QSC assumption is shown to alter signi� cantly the
predicted critical depressurizationrate.

II. Description of the Physical Problem
We consider the laminar combustion of a one-dimensional solid

propellant (see Fig. 1) with the following modeling assumptions:
1) The unreactedpropellantis a nonporousmass of homogeneous

and isotropic composition.

2) The density, thermal conductivity,and speci� c heat of the con-
densed phase are constant.

3) The condensed-phasereactant S1 decomposes to a condensed
phase product S2 via a single-step, overall, � nite rate, irreversible
chemical reaction S1.s/ ! S2.s/ with an overall activation energy
Ec .

4) The solid-gas interface is located where the mass fraction of
S1.s/ reduces to zero.

5) At the interface the propellantpyrolysisand sublimationoccur
via the step S2.s/ ! S3.g/, where S3 is the gas-phase reactant. The
interface is in� nitesimally thin, planar, separating the gas phase on
the right (extending to C1) from the condensed phase on the left
(extending to ¡1).

6) The gas velocities are normal to the burning surface and are
very small compared to the local acoustic velocities (low-Mach-
number � ow approximation).

7)Thegas-phasecombustiontakesplacevia a single-step,overall,
� nite rate, irreversible chemical reaction S3.g/ ! S4.g/, where S4

is the gas-phase product, governed by an Arrhenius law.
8) Radiative heat transfer from the gas � ame to the propellant is

absent.However, the absorptionof any externalradiationwithin the
condensedphase follows the Beer’s law for transportof a collimated
incident radiative � ux in an absorbing, nonemitting, nonscattering
medium with constant absorption coef� cient · .

In QSC calculationsthe surfacepyrolysisis modeledusinga more
rigorous expression derived from AEA15;19 instead of the simple
Arrhenius law. Brie� y, the precedingproblemis a non-QSG version
of Zebrowski and Brewster17 and a non-QSC versionof Anil Kumar
and Lakshmisha.13 Certain remarks regarding the assumptions for
the condensed phase are in order. The spatial variation of thermo-
physical properties, as a result of both temperature dependenceand
phase transitions, is found to signi� cantly in� uence the unsteady
burning.14;30 So, any further attempts to improve the present model
must include 1) variable thermophysical properties and 2) a � nite
thickness of the phase transition zone.

III. Governing Equations
A. Conservation Equations

With the precedingassumptionsthedifferentialequationsgovern-
ing theunsteadyburningof a solidpropellant,in the laboratory-�xed
coordinate system (with the origin being located arbitrarily at the
initial position of the interface), take the following form:

Condensed phase species:

½c
@Y1

@t
D Pwc (1)

Condensed phase energy:

½ccc
@T

@t
D kc

@2T

@x2
C fcqc Pwc C fRqR · exp[·.x ¡ xs/] (2)

In Eq. (1) species mass diffusion is neglected, as is customary. In
Eq. (2) fc D 0, and fR D exp.¡·xr / forQSC model and fc D fR D 1
for non-QSC model. The surface reaction assumption in the QSC
model eliminates the need for solving the condensed phase species
equation (1). Further, the mass fraction Y1 becomes a step function,
with Y1 D 1 in the condensed phase (¡1 · x < xs ) and Y1 D 0 at
the interface.The convectiveterms do not appear in Eqs. (1) and (2)
as the solid is at rest relative to the coordinate system chosen.

Gas-phase continuity:

@½g

@t
C @.½gug/

@x
D 0 (3)

Gas-phase species:

½g
@Y3

@t
C ½gug

@Y3

@x
D

@

@x

³
D½g

@Y3

@x

´
C Pwg (4)

Gas-phase energy:

½gcg
@T

@ t
C ½gugcg

@T

@x
D @

@x

³
kg

@T

@x

´
C qg Pwg C dp

dt
(5)



ANIL KUMAR AND LAKSHMISHA 315

B. Interface Flux Balance

Overall mass:

½c Pr D ½g.ug C Pr/ (6)

Species:

.½c PrY2/xs¡ ;t D [½g.ug C Pr /Y3]xsC ;t ¡
³

D½g
@Y3

@x

´

xsC ;t

(7)

Energy:³
kc

@T

@ x

´

xs¡ ;t

D
³

kg
@T

@x

´

xsC ;t

¡ ½c Prqs ¡ .1 ¡ fc/½c Prqc

C .1 ¡ fR/qR (8)

In Eqs. (6–8) the mass burning rate Pr .t/, the gas-side species mass
fractionY3.xsC; t/, andtheinterfacetemperatureTs.t/ areunknowns
and are part of the solution.

C. Initial and Boundary Conditions

T .x; 0/ D T0.x/; Y3.x; 0/ D Y3;0.x/; Y1.x; 0/ D Y1;0.x/

(9)
³

@Y3

@x

´

1;t

D 0; Y2.xs¡; t/ D 1 (10)

The temperature boundary condition at the hot end is derived as-
suming an isentropic� ow beyond the edge of the � ame, as given by
T’ien9:

½gcg

³
DT

Dt

´

1;t

D dp

dt
(11)

D. Chemical Reaction Rates

The rate of decomposition of solid propellant is assumed to be
distributed in space, but zeroth order in species Y1 . Then,

Condensed phase chemical reaction rate:

Pwc D ¡½c Ac exp.¡Ec=<T / (12)

whereas the distributed rate of chemical reaction within the gas-
phase is modeled as follows:

Gas-phase chemical reaction rate:

Pwg D ¡Ag½n
g Y n1

3 exp.¡Eg=<T / (13)

E. Instantaneous Burning Rate Çr(t) for Non-QSC Model

In a coordinatesystem with the origin � xed to the burning surface
(x 0; t ), the condensed-phasespecies conservationequation is of the
form

½c
@Y1

@t
C ½c Pr @Y1

@x 0
D Pwc; Y1.¡1; t/ D 1 (14)

Then, assuming Y1.x 0 D 0; t/ D 0, the unsteadyburning rate is given
by integration of Eq. (14):

Pr.t/ D Ac

Z 0

¡1
exp

³
¡

Ec

<T

´
dx 0 C

Z 0

¡1

@Y1

@t
dx 0 (15)

In accordance with this, Pr.t/ is calculated using the expression

Pr .t/ D
­­­­
dxs

dt

­­­­ (16)

where instantaneous location of the interface xs.t/ is determined
by the position where Y1 reduces to zero in the condensed phase.
Thus, the problem of evaluating Pr .t/ amounts to identifying the
instantaneousposition of the solid-gas interface xs.t/.

F. Instantaneous Burning Rate Çr(t) for QSC Model

The simplest way of calculating the burning rate is to assume
the Arrhenius expression Pr.t/ D As exp.¡Es=<Ts/. However, by
employingAEA Lengellé15 obtained the formal solution for the un-
steady burning rate. Subsequently, Ibiricu and Williams16 extended
the analysis for radiation-drivenburning:

Pr 2 D
Ac<T 2

s kc exp[¡Ec=.<Ts /]

½c Ec[cc.Ts ¡ T¡1/ C qc=2 ¡ fR qR=.½c Pr/]
(17)

IV. Transformation and Nondimensionalization
of Equations

We apply the Lagrangianmass-weighted(von Mises’) coordinate
transformation13

» D
Z x

¡1
½ dx; t D t (18)

and the transformed equations are nondimensionalizedby de� ning
the variables

2 D
T ¡ T¡1

Tb ¡ T¡1
; Ã D

»

kg;ref=cgu ref

¿ D
t

kg;ref=½g;refu2
refcg

; Pr D ½c Pr
½g;refu ref

(19)

and the parameters

Le D
kg

D½gcg
; ±1 D ½ckc=cc

½gkg=cg
; ±2 D ½ckc

½gkg
; ±3 D ½g;ref

½c

° D 1 C
<

Wgcg
; P D

p

pref
; Ac D Ac tref; ¯c D

Ec

<Tb

¯g D
Eg.Tb ¡ T¡1/

<T 2
b

; Â D
·kg;ref

½ccgu ref
; a D

Tb ¡ T¡1

Tb

Qc D
qc

cg.Tb ¡ T¡1/
; Q R D

qR

½g;refccu ref.Tb ¡ T¡1/

Qs D
qs

cg.Tb ¡ T¡1/
(20)

where

u ref D

"
2Agkg;refLen1 .½g;refT¡1=Tb/n ¡ 1

½g;refcg

# 1
2

£
³

<T 2
b

Eg[Tb ¡ T¡1]

´.n1 C 1/=2

I
1
2 exp

³
¡

Eg

2<Tb

´
(21)

where

I D
Z 1

0

³
1 C

a

¯g
#

´n ¡ 1

#n1 exp.¡#/ d#

For n1 D 1 Williams31 has shown that the steady-state burning
rate of a solid propellant has form of Eq. (21) in the limit of
.¯g ! 1; qs ! 0/. Therefore, Eq. (21) serves as a suitable scal-
ing factor for the surface burning rate. Note that ±1 is the ratio of
timescales of response of the condensed phase to that of the gas
phase. In the QSHOD limit ±1 ! 1. The governing equations in
the nondimensional transformed coordinates are as follows:

Condensed phase species:

@Y1

@¿
D PRc (22)
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Condensed phase energy:

@2

@¿
D ±1

@22

@Ã2
C fc Qc

PRc C fR Q R Â exp[Â.Ã ¡ Ãs/] (23)

Gas-phase species:

@Y3

@¿
D

P

Le

@2Y3

@Ã2
C PRg (24)

Gas-phase energy:

@2

@¿
D P

@ 22

@Ã2
C ° ¡ 1

°

³
1
a

¡ 1 C 2

´
1
P

dP

d¿
¡ PRg (25)

Condensed phase chemical source term:

PRc.2/ D ¡Ac exp

³
¡¯c

1 ¡ a C a2

´
(26)

Gas-phase chemical source term:

PRg.Y3; 2/ D ¡ ¯
n1 C 1
g

2Len1 I
.1 ¡ a C a2/1 ¡ n Pn ¡ 1Y n1

3

£ exp

µ
¡¯g.1 ¡ 2/

1 ¡ a.1 ¡ 2/

¶
(27)

The interface conditions are as follows:
Species:

1 D Y3.ÃsC; ¿ / C
P

PrLe

µ
1 C ±3.1 ¡ a/

1 ¡ a C a2s

¶¡1³
@Y3

@Ã

´

ÃsC ;¿

(28)

Energy:

±2

³
@2

@Ã

´

Ãs¡ ;¿

D P

³
@2

@Ã

´

ÃsC ;¿

¡ PrQs ¡ .1 ¡ fc/PrQc

C .1 ¡ fR/Q R (29)

Initial and boundary conditions:

2.Ã; 0/ D 20.Ã/; Y3.Ã; 0/ D Y3;0.Ã/

Y1.Ã; 0/ D Y1;0.Ã/ (30)

³
@Y3

@Ã

´

1;¿

D 2.0; ¿ / D Y3.Ãs¡; ¿/ ¡ 1 D Y1.¡1; ¿ / ¡ 1 D 0

(31)
³

@2

@¿

´

1;¿

D ° ¡ 1

°

³
1
a

¡ 1 C 21;¿

´
1
P

dP

d¿
(32)

Burning rate for non-QSC model:

Pr D
­­­­
dÃs

d¿

­­­­ where Y1.Ãs; ¿/ D 0 (33)

Burning rate for QSC model:

Pr D
fR Q R C

p
f 2

R Q2
R C 4.2s C Qc=2/F1.2s /

2.2s C Qc=2/
(34)

where

F1 D .Ac±1=a¯c/.1 ¡ a C a2s/
2 exp[¡¯c=.1 ¡ a C a2s/]

Table 1 Computationalgrid parameters and accuracy

Quantity 2 MPa 5 MPa

1Ã 0.05 0.05
Ã1 ¡ Ãs 20 20
1¿ 1:13 £ 10¡3 1:13 £ 10¡3

1t , s 9:3 £ 10¡8 8:28 £ 10¡8

´ 1.05 1.05
Number of condensed 300 300

phase grids
% Error in NTs 0.14a 0.18
% Error in NT1 0.13 0.14
% Error in NPr 1.1 1.2

aAll of the errors are calculated as percentage deviation from the value
obtained using analytical solution for temperature in the condensedphase.

V. Method of Solution
Equations (22–34) form a closed set of coupled initial boundary-

value problems, parabolic in time. The species and energy equa-
tions, both in gas and condensed phase, are numerically solved
using the operator-splitting technique. In this scheme the Crank–

Nicholson semi-implicit difference is used for the chemical source
terms in Eqs. (22–25). The conduction operation in the condensed
phase (represented by second-order term in the condensed phase
energy equation) is approximatedby the Crank–Nicholson scheme,
whereas the diffusion operations in the gas phase are treated by an
explicit central difference scheme. At the end of each time step,
the position of the interface xs.t/ is relocated such that the con-
densed phase reactant mass fraction Y1 is zero at the interface.
This can be achieved by a simple linear extrapolation of the so-
lution Y1 from the grids interior to the interface. It was found that
the error introduced by this extrapolation could be quite negligi-
ble when suf� ciently small-sized grids are taken near the interface.
The instantaneous burning rate is then calculated as the speed at
which the interfacemoves,usinga � nite differenceapproximationto
Eq. (33).

For study of pressure-driven frequency response function, the
pressure is forced to � uctuate harmonically with a speci� ed ampli-
tudeand frequencyabout a mean value.The complexquantity Rp.º/
was extracted by the Fourier transform method. For each speci� ed
frequency the time-marchingcalculationswere progresseduntil the
cyclic variations in burning rate became time invariant.

The numerical grids are taken uniform in Ã within the gas phase
[Ã > Ãs.t/]. The grid size increases exponentially in Ã within the
condensedphase.This is achievedby usinguniformgrids in a trans-
formed coordinate ³ de� ned by

³ D 1 ¡
f[´ C 1 ¡ .Ã ¡ Ãs/=Ã¡1]=[´ ¡ 1 C .Ã ¡ Ãs/=Ã¡1]g

[.´ C 1/=.´ ¡ 1/]

(35)

where ´ is a stretching parameter (D1.05) used to control the grid
compactness.32 Typically, about 400 grids in the gas phase and
300 grids in the condensed phase are required to get accurate solu-
tions for the rangeof parametersconsideredin this study.For further
details of the numerical method, Ref. 13 can be consulted.

In the QSC model the maximum computational error in temper-
ature within the condensedphase and the gas-phase � ame tempera-
ture is less than 0.2%relative to the exactsolution.Table 1 shows the
computationalgrid parameters used and the accuracy of the results
obtained for steady burning under two different values of pressure.

VI. Results and Discussion
A. Validation of the Non-QSC Model

Zebrowski and Brewster17 numerically solved the unsteady
species conservation equation in the condensed phase including a
distributed reaction term. First, the non-QSC model proposed in
Sec. III for the propellant burning and the consequent numerical
results thereof were validatedby comparing its results with those of
Ref. 17. In Ref. 17 a radiationassistedburningwith an adiabaticgas
phase is examined,and thereforethe same problemis consideredfor
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Table 2 Baseline properties of the propellant-N (P-1)

p, MPa

Properties 2.0 5.0 Source

Le 1.0 1.0 Assumption
kc, W/(m K) 0.2312 0.2831 Eq. (3) of Ref. 23
½c , kg/m3 1,600 1,600 Ref. 23
cc , J/(kg K) 1,425 1,453 [¡qc ¡ qg C qR=.½c NPr /]=. NT1 ¡ T¡1/
kg;ref, W/(m K) 0.03203 0.03199 Eq. (1) of Ref. 23a

½g;ref, kg/m3 19.97 49.91 Assumption
cg , J/(kg K) 1,425 1,453 ¡.qc C qg /=. NT1 ¡ T¡1/
qc, kJ/kg ¡397.67 ¡489.762 Ref. 23
qg , kJ/kg ¡1255.8 ¡1297.66 Ref. 23
° 1.4 1.4 Assumption
NT1 , K 1,453 1,523 Ref. 23
NTs , K 613 673 Ref. 23
T¡1 , K 293 293 Ref. 23
Ag , m3/(kg s) 32,000 137,000 Determined by matching measured NPr and NTs Ref. 23
Eg , J/mol 37,674 37,674 Determined by matching measured pro� le of temperature

in the gas phase at 2.0 MPa Ref. 23
Ac , 1/s 7.512£ 109 5.458£ 109 Determined by matching measured NPr and NTs Ref. 23
Ec , J/mol 83,720 83,720 Ref. 23

aCalculated at . NT1 C NTs/=2 using Eq. (1) of Ref. 23 and then used the assumption that kg½g was independent of temperature at all
other temperatures.

Fig. 2 Steady burning results: comparison of the pro� les of tempera-
ture, reactant mass fraction, and the chemical source term within the
condensed phase.

Fig. 3 Radiation-driven dynamic burning results: comparison of the
magnitude of the frequency response function jj Rq jj .

the purposesof validationherein. The thermochemicaland physical
properties of the propellant were also selected as identical to those
used in Ref. 17. For the steady burningcase the burning rate and the
surface temperatureobtained from our calculationswere 3.11 mm/s
and 912.7 K, whereas those reported in Ref. 17 are 3.07 mm/s and
911.5K, respectively.Figure 2 shows the comparisonof steady-state
pro� lesof temperature,mass fractionof reactantspecies S1, andnor-
malized reaction rate. Figure 3 shows the comparison of results for
the unsteady case, which is presented in terms of the magnitude of
Rq . It is seen from these results that the proposed model accurately
predicts both the steady and unsteady behavior of radiation-driven
propellant burning.

After validating the non-QSC model, calculations were carried
out for steady and dynamic pressure-driven burning, including an

unsteadygas phase.Hence, these results representthe case of simul-
taneously relaxing the QSG and QSC assumptions. The unsteady
gas-phasemodeling with QSC assumption have been validated in a
previous work by the authors.13

B. Steady Burning Results
Comparison of Predictions with Experimental Data

Numerous measurements of steady burning characteristics of a
variety of propellants have been published in the literature. How-
ever, a comprehensive set of burning rate and spatial temperature
pro� les, which is commonly referredto, is the one given by Zenin.23

In the present study we focus the attention on a single propellant, a
typical uncatalyzed DBP, commonly known as “propellant-N.” For
this propellant Table 2 gives the set of values suggested by Zenin,
which form the baseline properties used in the calculations whose
results are presented here. This is designated as model propellant
“P-1” in the following. A major dif� culty in numerical modeling
of solid propellant burning is the uncertainty in the global chem-
ical kinetic properties, namely .Ac; Ec; Ag ; Eg/. Based on exper-
imental measurements of surface temperature and burning rates,
Zenin suggests a value of Ec D 84 kJ/mol as relatively less uncer-
tain. Hence, this value was taken unchanged herein. As regards the
gas-phaseproperties,a valueof Eg D 54 kJ/mol at 2 MPa, suggested
by Zenin, did not yield a good comparison of predicted tempera-
ture pro� le with his measured pro� le. Instead, a reduced value of
Eg D 38 kJ/mol was found to be agreeable (Lengellé et al.22 suggest
a value of Eg D 21 kJ/mol). Such a modi� cation in properties was
made as follows. First, the value of Ec D 84 kJ/mol was taken, and
the value of Ac was computed using Eq. (17) to satisfy the mea-
sured burning rate and surface temperature.Then, the values of Eg

and Ag were found by trial and error so as to match the predicted
temperature pro� le and burning-rate values with those measured
experimentally.At a higher pressure of 5 MPa, the same activation
energy Eg D 38 kJ/mol, but a higher value of Ag was estimated.
The respective values of the properties at two different pressures,
namely 2 and 5 MPa, are listed in Table 2. In Figs. 4 and 5 the
resulting temperature pro� les from the QSC and non-QSC model
predictions are compared with those measured by Zenin23 at 2 and
5 MPa, respectively.

Comparison of QSC and Non-QSC Model Results

From Figs. 4 and 5 it is seen that the pro� les of temperature in the
gas-phaseobtainedwith QSC and non-QSC models are almost iden-
tical. A quantitative comparison of the QSC and non-QSC model
predictions, at 2 and 5 MPa respectively, has been summarized in
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Table 3 Predicted steady burning characteristics; comparison
between QSC and non-QSC models

2 MPa 5 MPa

Quantity QSC Non-QSC QSC Non-QSC

NTs , K 614.6 611.5 675.2 671.6
NPr , cm/s 0.347 0.343 0.685 0.676
kc

¡
@T
@x

¢
s¡

, W/cm2 252 31.5 602 65.2¡
kg

@T
@x

¢
sC

, W/cm2 31 30.7 65 64.7

½c NPrqc , W/cm2 ¡221 —— ¡537 ——

Fig. 4 Steady burning results: comparison of the pro� les of tempera-
ture and reactant mass fraction for propellant-N (P-1) at p = 2 MPa and
T ¡ 1 = 293 K (with properties listed in Table 2).

Fig. 5 Steady burning results: comparison of the pro� les of temper-
ature and reactant mass fraction for propellant-N at p = 5 MPa and
T ¡ 1 = 293 K: a) Propellant P-1, as in Table 2; and b) propellant
P-2, as in Table 2, but with qc = ¡ 251 kJ/kg, qg = ¡ 1453 kJ/kg, and
qR = 837 kJ/(m2 s).

Table 3. From this, it is seen that the discrepancy in conductionheat
� ux from the gas phase to the condensed phase is less than 1% at
both pressures.However, relaxingthe QSC assumptionsigni� cantly
decreased the temperaturegradienton the solid side of the interface.
A similar behavior was reported in Ref. 17. The error caused in the
steady-state surface temperature and burning rate, caused by QSC
assumption, is only less than 1 and 2%, respectively. The corre-
sponding values of nondimensional activation energy, ¯c D 4:2 (at
2 MPa) and 3.8 (at 5 MPa), are not considered high in the AEA
analysis.Zebrowski and Brewster17 reported errors of a similar low
magnitude for radiation-assisted steady burning without any heat
feedback from the gas phase. So, the present results demonstrate
that, regardless of the mode of heating of the propellant, the QSC
assumption can be valid for steady-state burning even for moder-
ately large values of ¯c. However, this � nding may not hold well
under dynamic burning conditions, as shown subsequently.

Sensitivity of Predictions to Propellant Properties

The measured temperature pro� les at high pressures might be
underpredicted because of the possible “lag” in the thermocouple

technique. Brewster et al.20 argue that the thermocouple technique
introduces a pressure-dependenterror in the gas-phase temperature
pro� le as a result of which the conductive heat � ux to the surface
from the gas phase is underestimated.Speci� cally at high pressures
this leads to an underestimatein the value of qg and an overestimate
in qc . It has been suggested that at 5 MPa the actual value of qc for
DBP can be reduced to almost half of that given in Ref. 23. Also,
the value of qg has to be increased appropriately so as to match the
� ame temperature.These variations in qc and qg could change both
the steady-state solutions and the frequency response functions. In
addition to this, effects of radiation from the secondary � ame to
the interface can signi� cantly affect the temperature pro� les, and
hence the relevant terms in the conservation equations have to be
adequately modeled.20 As shown in the next section, the speci� c
set of chosen properties affects also the error in Rp caused by QSC
assumption qualitatively as well as quantitatively.

Based on the preceding arguments, an alternative set of prop-
erties was selected [qc D ¡251 kJ/kg, qR D 837 kJ/(m2 s), qg D
¡1453 kJ/kg] at 5 MPa. All other properties were same as that
given in Table 2, except for Ag , which was chosen to obtain a sur-
face temperature of 673 K. The resulting steady-state temperature
pro� le is also shown in Fig. 5. As expected, the temperatures were
uniformly higher than the measured values in the gas phase, and
the reaction zone moved toward the interface. These calculations
demonstrate that the set of thermokinetic properties chosen for the
propellants is crucial, and the resulting steady burning solution de-
pends signi� cantly on these.Such a choice of properties is expected
to be even more crucial in the case of dynamic burning, and this
aspect is examined in the following section.

C. Dynamic Burning Results

A more important but challenging test for validation of a propel-
lant combustion model is the case of burning under time-varying
conditions of pressure and/or radiant heat � ux. In the present paper
two such dynamic conditions are examined, when the burning is
subjected to a pressure that is 1) harmonically � uctuating with a
� nite, but small amplitude, and 2) rapidly decreasing in time. First,
the predicted pressure-driven response function is compared with
experimental data, and then the dependence of predicted results on
the propellant properties is examined. Subsequently, the effect of
introducing unsteadiness in the condensed phase degradation layer
(i.e., non-QSC model) is studied.

Comparison of Predicted Rp with Experimental Data

The complex quantity, response function Rp , characterizes the
dynamic burning behavior when the pressure � uctuates harmoni-
cally around a steady mean value. The commonly used reference
experimental data for evaluating theoretical models are those ob-
tained from the T-burner measurements by Horton and Price33 and
Ibiricu.21 Recently, while reviewing the large body of experimental
data on response functions, Brewster4 concluded that “the original
NWC data remains as perhaps the best available for comparison for
jRpj, in spite of relatively large uncertainties in the data.” Horton
and Price33 studied the JPN propellant, whereas Ibiricu21 studied
many propellants, including JPN. Horton and Price23 measured the
acoustic admittance over frequencies ranging from 500 to 4000 Hz
at four mean pressures: 1.4, 2.8, 5.6, and 11.2 MPa, respectively.
Ibiricu21 has given the real part of Rp over a wider range of fre-
quencies, 500–10,000 Hz, at the same mean pressures. In his report
Ibiricu21 observed that these data are scattered, with an uncertainty
no better than §10% in the high-frequencyregion, while the uncer-
taintyis §15%orhigherat lowfrequencies.Nevertheless,thesedata
havebeenused previouslyfor quantitativecomparisonof theoretical
results.4;20 Therefore, we selected the data reported by Ibiricu21 for
the purposesof comparisonwith our model predictions.A harmonic
� uctuation with an amplitude 1% of the mean pressure (of 5 MPa)
was considered, and model predictions of Rp were obtained for
different sets of propellant properties, starting from the baseline
properties of Table 2.

InFig.6 magnitudeof the responsefunctionmeasuredby Ibiricu21

for threedifferentpropellants,namely, N4, N5, and JPN at 5 MPa, is



ANIL KUMAR AND LAKSHMISHA 319

Fig. 6 Pressure-driven dynamic burning results: comparison with ex-
perimental measurements of jj Rp jj : a) Propellant P-1, as in Table 2;
b) propellant P-2, as in Table 2, but with qc = ¡ 251 kJ/kg, qg =
¡ 1453 kJ/kg, and qR = 837 kJ/(m2 s); c) propellant P-3, as in Table 2,
but with qc = ¡ 251 kJ/kg, qg = ¡ 1453 kJ/kg, qR = 837 kJ/(m2 s), and
Ec = 168 kJ/mol.

shown.The QSC- model prediction,correspondingto the properties
of the propellant P-1 (see Table 2) is also shown on the same plot.
Although the measured Rp for different propellants appear to fall
within a certain band on the ordinate, the predicted jRp j using the
baseline properties is found to be nowhere near these.

The possible cause for this rather large discrepancy in jRp j was
further investigated. The four basic properties that are known to
affect the response function to a � rst order are Ec; Eg ; qc; and qg .
First, keeping the values of .Ec; Eg/ at their baseline levels the
values of .qc; qg/ were altered to those suggested by our steady
burning results. Also plotted in Fig. 6 is the response function
for this set of properties [qc D ¡251 kJ/kg, qg D ¡1453 kJ/kg, and
qR D 837 kJ/(m2 s), designated as propellant “P-2”]. It is seen that
the jRpj for the model propellant P-2 decreased at frequencies be-
low 500 Hz while it increased at frequencies above that in com-
parison to the predicted values for model propellant P-1. However,
the predicted resonant frequency remained unaltered. Any further
reduction in qc was found to have no signi� cant in� uence on the
response function.

Therefore, the attention was next focused on the value of Ec.
Apart from the uncertainty in the values of heats of reaction as dis-
cussed earlier, there is disagreementover the actual value of overall
Ec . A valueof approximately Ec D 84 kJ/mol was recommendedby
Zenin23 based on measurements of steady burning rate and surface
temperature.However,as observedbyZenin,23 the condensed-phase
kinetics are dominated by two sets of reactions: those with Ec D 88
and 201 kJ/mol. In regions where T < 523 K, the former reactions
are faster, whereas in regions where T > 523 K the latter are faster.
In a recent study within the QSHOD framework, Brewster et al.20

proposed that the comparison of response functions “seem to sup-
port” a higher value of Ec D 168 kJ/mol. In fact, all of the available
experimental results for DBP show a much higher resonant fre-
quency (¼2 kHz). The QSHOD model6 predicts an increase in the
resonant frequency with an increase in Ec. So, we calculated the
response function with Ec D 168 kJ/mol (designated as propellant
“P-3”), and the corresponding result is also shown in Fig. 6. This
resulted in a higher resonant frequency of about 300 Hz, which is
yet an order less than the experimental values.

All of the precedingcalculationswere performedwithin the QSC
framework. Next, the response function calculations were carried
out using the non-QSC model for the propellantsP-1 and P-2. This
increased the magnitudeof the response function over all of the fre-
quencies (not shown in Fig. 6), but the result was yet quite different
from the experimental data. Nevertheless, the non-QSC model re-
sult of jRp j for the propellantP-3 showed a marked improvement in
the magnitude of the response function. Also, it shifts the resonant
frequencyto the right by a factorof two relative to the resultsof QSC
model for the same propellant.Hence, the present calculationswith
non-QSC model suggest a higher value for the overall activation
energy Ec than what has been suggested in Ref. 23.

Other factors could in� uence the predicted response function.
First,most authors(includingthe present) haveused the steadyburn-
ing measurements of surface temperature and burning rate given
by Zenin for propellant N for comparison of Rp of other propel-
lants. This may not be appropriate, and instead a different set of
data for JPN, N-4, and N-5 might have to be used because their
steady-state burning rates are much higher than that of propel-
lant N. Unfortunately, the actual values of thermokinetic proper-
ties .qc; qg; Ec; Eg/ and temperature pro� les are not available in
the open literature. Assuming thermophysical properties similar to
propellant N, this corresponds to a smaller tc and, hence, a higher
resonant frequency. Second, the decomposition mechanism in the
condensed phase might be different for different propellants, and
a more detailed reaction mechanism within the condensed phase
might be warranted for modeling. Nevertheless, the present study
shows that even for higher values of Ec the relaxation of QSC as-
sumption changes both the magnitude of the response function and
the resonant frequency signi� cantly.

Comparison of Rp from QSC and Non-QSC Models

The QSC assumption is expected to breakdown at driving
frequencies of the order of the characteristic frequency of the
condensed-phase reaction zone t¡1

r . In this case t¡1
r D 5534 Hz

at 5 MPa (corresponding Ec D 168 kJ/mol, Ts D 673 K). However,
Zebrowski and Brewster17 found that the QSC model caused a sig-
ni� canterror in Rq evenat frequenciesas lowas one-fourthof t¡1

r . In
the present work such a study was extended to the case of pressure-
driven burning. In Fig. 6 the magnitude of Rp increased over the
entire range of frequencies considered when the QSC assumption
was relaxed. However, the increase was not uniform, and a quan-
titative variation is not evident directly. Therefore, the quantitative
differencebetween the QSC andnon-QSC model predictionsin jRp j
was calculated at different driving frequencies.

Shown in Fig. 7 is the variation of error in jRp j from the QSC
model, as a relative percentage of the jRp j predicted from the non-
QSC model. The driving frequency is normalized with respect to
t¡1
r D 5534 Hz. The error caused by QSC assumption is found to
increase to signi� cant values at frequencies near the resonant peak,
which is about 10 times lower than t¡1

r . Then it decreases slightly,
but starts to increase again as the frequency approaches the charac-
teristic frequencyof the condensedphase reaction zone. The break-
down of QSC model at driving frequencies higher than t¡1

r was
expected,but large errors near the resonant frequencywere not. The
frequency response computed for other sets of properties of pro-
pellant also showed large errors at lower frequencies (indicated in
Fig. 7). Therefore, the present results demonstrate the importance
of non-QSC effects at driving frequencies much lower than the ex-
pected ones near t¡1

r .

Fig. 7 Pressure-driven dynamicburningresults: error caused by QSC
assumption in the predicted magnitude jj Rp jj and phase Á. The error
in magnitude is de� ned as ( jj Rp;non - QSC jj ¡ jj Rp;QSC jj ) ££ 100= jj Rp;QSC jj .
–±– p = 2 MPa (propellant P-1, as in Table 2), –4 – p = 5 MPa (pro-
pellant P-1, as in Table 2), –u t – p = 5 MPa, (propellant P-3, as in Ta-
ble 2, but with Ec = 168 kJ/mol, qc = ¡ 251 kJ/kg, qg = ¡ 1453 kJ/kg),
and qR = 837 kJ/(m2 s).
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An interesting result to be observed here is that the effect of re-
laxing the QSC assumption on Rp and on Rq is qualitativelydiffer-
ent. For radiation-driven burning Zebrowski and Brewster17 found
that relaxing the QSC assumption underpredicts the jRq j in low-
frequency region and does more so near the resonant frequency.On
the other hand, the present results for jRp j show an opposite trend.
In radiation-driven burning any � uctuation in the incident radiant
� ux causes instantaneous � uctuations in the local radiant heat � ux
at all points interior of the interface. However, in pressure-driven
burningany � uctuationin the conductionheat feedbackfrom the gas
phase could instantaneously in� uence only the interface, but takes
a � nite time to be transported by conduction into the interior loca-
tions in the condensed phase. So, the in� uence of the two different
driving forces, external radiation and pressure, on the response of
the chemical reactionzone is qualitativelydifferent.This could lead
to the observed qualitative difference in the effect of relaxing the
QSC assumption respectivelyon Rq and Rp . This result emphasizes
the importanceof 1) proper modeling of the unsteadinessof the gas
phase and 2) a detailed study of the relation between Rp and Rq .
The second aspect is signi� cant in view of the increasing interest in
using the parameters calculated from Rq measurements to compute
Rp (Ref. 19).

D. Extinction by Rapid Depressurization

As discussed in Sec. VI.C, the error caused by QSC assumption
couldbe largeevenat low frequencies,when the surfacetemperature
� uctuates with large amplitudes. Therefore, herein the effect of re-
laxing the QSC assumption on the rapid depressurizationtransients
is examined.

The followingprocedure is used for simulatinga rapid depressur-
ization transient. First, keeping the pressure at a high, but constant
value (pi ), a steady-state solution is obtained. From this initial state
the pressure is decreased to a prescribed lower value (p f ). The cor-
respondingtemporalvariationof pressureis assignedan exponential
decay in the form

p.t/ D pi ¡ . pi ¡ p f /[1 ¡ exp.®t/] (36)

for ® < 0. Unsteady calculationsare performed to obtain the instan-
taneous burning rate evolution Pr.t/ in time. The effect of QSC and
non-QSC models on the evolution of Pr .t/ is studied for different
parametric values of initial depressurization rates .pi ¡ p f /®. The
results presented herein pertain to pi D 5 MPa and p f D 0.5 MPa
for the propellant P-1.

Certain remarksconcerningthe thermochemicalpropertiesof the
propellant are in order. Because this simulation involves a large
change in pressure, proper variation in the thermokineticproperties
.Ac; Ag; qc; qg/ as a function of the instantaneous pressure must
be taken into account. The variation of these properties is taken so
as to satisfy the steady burning data23;34 at four intermediate pres-
sures, namely, 5, 2, 1, and 0.5 MPa. Thermal conductivities and
speci� c heats (kc; kg; cc; cg ) were kept constant in these simula-
tions. However, the sensitivity of transient burning characteristics
during depressurization to variation of these properties remains to
be examined.

In contrast to the Rp calculations presented in the preceding sec-
tion, the pressure transient calculations were not intended for any
quantitativecomparisonwith experimentalresultsat this stage.Vari-
ations in the physical and chemical structure of the reaction zone
in the condensed phase and the gas phase are more complex than
modeled herein. Speci� cally, the presenceof a prominent dark zone
at pressures below 5 MPa could signi� cantly alter the results. Nev-
ertheless, certain principal features of the rapid depressurization
effect on propellant burning could be demonstrated with the sim-
ple kinetic models used here. For example, � ame luminosity and
gas-phase temperature measurements during depressurization ex-
periments reveal certain salient features.25¡28 Two important such
features are as follows: 1) a critical initial depressurizationrate be-
low which burningcontinuesand above which the extinctionoccurs

Fig. 8 Computed evolution of the burning rate during a fast depres-
surization transient: results of the QSC model.

Fig. 9 Computed evolution of the burning rate during a fast depres-
surization transient: results of the non-QSC model.

and 2) reignition following extinction when the depressurization is
not too fast and/or � nal pressure is not too low. In the present work
� rst these features are reproduced, and then the effect of relaxing
the QSC assumption on these is examined.

Figure 8 shows the evolutionof burning rate obtained using QSC
model for three different initial rates of depressurization. For val-
ues of .dp=dt/i D ¡1800 and ¡3150 MPa/s, burning rate initially
decreased, but however recovered slowly and � nally reached the
steady state corresponding to p f D 0:5 MPa. In the former case the
lowest value of burning rate ever was only about 50% of the � nal
value, whereas in the second case it was as small as about 13%
and remained like so over a period as long as about 70 ms. The
� ame temperature also varied in a similar manner. Considering that
about 62% of the pressure drop occurred within a period of 1.7 ms,
the second case can be taken to represent a limiting case, which
leads to combustion recovery. On the other hand, when the ini-
tial pressure decay rate was increased to .dp=dt/i D ¡3600 MPa/s
the burning rate decreased to very small values and did not re-
cover even after 225 ms. Hence, the third case exhibited extinc-
tion, which fails to reignite. Extinction was observed for any
value of .dp=dt/i faster than this critical value. Therefore, the
critical depressurization rate can be taken as between 3150 and
3600 MPa/s.

Similar computations were performed with the non-QSC model,
and the results are shown in Fig. 9. In this case the evolution of the
burning rate was qualitatively the same as that of the QSC model
except for the slight deviation from the monotonic decrease in the
initial stage in some cases. However, for other parametric ranges
non-QSC model results can feature, besides larger sensitivity to a
rapid pressure drop, a more prominent deviation from monotonic
rate decrease, ignition and possible oscillatory behavior. Whether
such results can be obtained will form important issues of future
work. In the present case relaxing the QSC assumption decreased
the critical depressurization rate by about a factor of four. This
implies that the non-QSC model is more sensitive to rapid pressure
variation and con� rms our observations in Sec. VI.C with respect
to dynamic stability and Rp .
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VII. Conclusions
For steady burning the QSC assumption based on high activa-

tion energy asymptotics is acceptable for realistic values of con-
densed phase activation energy. However, for unsteady pressure-
driven burning the error introducedby the QSC assumption is much
larger and occurs even at low frequencies,for similar values of acti-
vation energy. Hence, relaxing of both QSC and QSG assumptions
are equally important to compute the unsteady burning characteris-
tics of solid propellants.A quantitativecomparisonof the predicted
response function (magnitude) with experimental data has been at-
tempted for double base propellants. This seems to suggest that
the value of overall activation energy of reactions in the condensed
phase is probably higher than that suggested by Zenin.

For pressure-driven burning relaxing the QSC assumption re-
sults in an increase in the response function magnitude jRpj. How-
ever, this is qualitatively different from the reported behavior of
radiation-driven response function magnitude jRq j. Results of un-
steady simulations of burning under a rapid depressurization tran-
sient exhibit salient features of combustion recovery and extinction
observedin experiments.The predictedcriticaldepressurizationrate
markedly decreased(by a factor of four) when the QSC assumption
was relaxed.
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